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Abstract

The propagation of waves in a homogeneous, transversely isotropic, thermally conducting plate bordered
with layers of inviscid liquid or half-space of inviscid liquid on both sides, is investigated in the context of
Lord–Shulman (LS), Green–Lindsay [GL] and Green–Nagdhi (GN) theories of thermoelasticity. Secular
equations for homogeneous, transversely isotropic plate in closed form and isolated mathematical
conditions for symmetric and antisymmetric wave modes in completely separate terms are derived. The
results for isotropic materials, coupled and uncoupled theories of thermoelasticity have been obtained as
particular cases. It is shown that the purely transverse motion (SH mode), which is not affected by thermal
variations, gets decoupled from rest of the motion of wave propagation and occurs along an in-plane axis of
symmetry. The special cases, such as short wavelength waves, thin plate waves and leaky Lamb waves of the
secular equations are also discussed. The amplitudes of displacement components and temperature change
have also been computed and studied. Finally, the numerical solution is carried out for transversely
isotropic plate of zinc material bordered with water. The dispersion curves for symmetric and
antisymmetric wave modes, attenuation coefficient and amplitudes of displacement and temperature
change in case of fundamental symmetric (S0) and skew symmetric (A0) modes along the direction making
an angle of 45� with the axis of symmetry are presented in order to illustrate and compare the theoretical
results. The theory and numerical computations are found to be in close agreement.
r 2003 Published by Elsevier Ltd.

1. Introduction

The coupling between thermal and strain fields gives rise to the coupled theory of
thermoelasticity. Chadwick and Sneddon [1] discussed in detail the influence of volume and
thermal changes coupled with each other in the form of plane harmonic waves. A list of

ARTICLE IN PRESS

*Corresponding author. Tel.: +91-1972-223296; fax: +91-1972-223834.

E-mail address: jns@recham.ernet.in (J.N. Sharma).

0022-460X/$ - see front matter r 2003 Published by Elsevier Ltd.

doi:10.1016/j.jsv.2003.10.010



Nowacki’s papers on the coupled theory of thermoelasticity can be found in his monumental
books [2,3]. Kozlov [4] has considered the influence of coupling between temperature and strain
fields on the dynamic behavior of rectangular plates. Massalas et al. [5] studied the influence of a
constant heat flux on the static and dynamic response of simply supported and clamped circular
plate with immovably constrained edge. Kumar [6] studied the coupled thermoelastic waves in
plates of thickness ‘d’ subjected to axially symmetric hydrostatic tension. Saxena and Dhaliwal [7]
studied two-dimensional problems of axisymmetric and plane strain cases in coupled
thermoelastic wave propagation in a homogeneous isotropic plate. Chadwick and Seet [8] and
Chadwick [9] have also studied the propagation of plane harmonic waves in homogeneous
transversely isotropic and anisotropic materials in the context of coupled theory of
thermoelasticity, respectively. The classical theory of heat conduction predicts an infinite speed
of heat transportation, which contradicts the physical facts. During the last three decades, non-
classical theories have been developed to alleviate this paradox. Lord and Shulman [10]
incorporated a flux-rate term in Fourier’s law of heat conduction in order to formulate a
generalized theory that admits finite speed for thermal signals. Green and Lindsay [11] included a
temperature rate among the constitutive variables to develop a temperature-rate-dependent
thermoelasticity that does not violate the classical Fourier’s law of heat conduction when the body
under consideration has a center of symmetry; and this theory also predicts a finite speed of heat
propagation. According to these theories, heat propagation should be viewed as a wave
phenomenon rather than a diffusion phenomenon. A wave-like thermal disturbance referred to as
‘second sound’ by Chandrasekharaiah [12]. The above theories are also supported by experiments
exhibited the actual occurrence of second sound at low temperatures and small intervals of time.
Researchers such as Ackerman et al., Guyer and Krumhansal, and Ackerman and Overtone
[13–15] experimentally proved for solid helium that thermal waves (second sound) propagating
with finite, though quite large, speed also exist, although for most of the solids, the corresponding
frequency window namely, range of frequency of thermal excitations in which thermal waves can
be detected is extremely limited. The recent relevant theoretical developments on the subjects of
finite velocity of heat propagation are due to Green and Nagdhi [16–18], who provide sufficient
basic modifications in the constitutive equations that permit treatment of much wider class of heat
flow problems. Sharma et al. [19], Sharma [20] and Sharma and Singh [21] studied the propagation
of thermoelastic waves in homogeneous isotropic plates subjected to stress-free insulated, stress-
free isothermal, rigidly fixed insulated and rigidly fixed isothermal boundary conditions in the
context of Conventional–Coupled (CT), Lord–Shulman (LS), Green–Lindsay (GL) and
Green–Nagdhi (GN) theories of thermoelasticity. The secular equations for the symmetric and
antisymmetric wave modes in the plate have been derived in the compact form and solved
numerically. Sharma et al. [22] studied the propagation of thermoelastic waves in homogeneous
transversely isotropic plates subjected to stress-free insulated, stress-free isothermal, rigidly fixed
insulated and rigidly fixed isothermal boundary conditions.
Recently, resurgent interest in Lamb waves was partially initiated by its application of

multisensors [23–25]. The density and viscosity sensing with Lamb waves is based on the principle
that the presence of a liquid in contact with a solid plate changes the propagation velocity and the
amplitude of the Lamb waves in the plate of free boundaries due to the inertial and viscous effects
of the liquid. Schoch [26] first investigated the effect of an inviscid liquid on the propagation of
Lamb waves. When a plate of finite thickness is bordered with a half-space homogeneous liquid
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on both sides, part of Lamb wave energy in the plate is coupled into the liquid as radiation; most
of the energy is still in the solid. This type of disturbance is called the leaky Lamb wave. Schoch
derived the dispersion relation for leaky Lamb waves for an isotropic plate and an inviscid liquid.
Incidentally, the dispersion equations also have an interface wave solution whose velocity is
slightly less than the bulk sound velocity in the liquid and most of energy is in the liquid. It is often
called the Scholte wave after Scholte [27]. Kurtz and Bolt [28] derived a dispersion equation for
bending waves when a plate is in contact with an inviscid fluid based on the acoustic impedance
concept. Watkins et al. [29] calculated the attenuation of Lamb waves in the presence of an
inviscid liquid using an acoustic impedance method. Wu and Zhu [30] studied the propagation of
Lamb waves in a plate bordered with inviscid liquid layers on both sides. The dispersion equations
of this case were derived and solved numerically. It was also shown that the acoustic impedance
approach is valid only when the plate thickness is much smaller than the wavelength of the
transverse wave in the solid. Zhu and Wu [31] derived the dispersion equations of Lamb waves of
a plate bordered with viscous liquid layer or half-space viscous liquid on both sides. Sharma and
Pathania [32,33] derived the dispersion equations of Lamb waves of a thermoelastic and
generalized thermoelastic plate bordered with inviscid liquid layer or half-space inviscid liquid on
both sides. Sharma et al. [34] also studied the dispersion equations of a transversely isotropic
thermoelastic plate bordered with layers of inviscid liquid on both sides in the context of coupled
theory of thermoelasticity.
In the present paper, we have discussed the analysis of Lamb type wave propagation in an

infinite homogeneous, transversely isotropic, thermoelastic plate bordered with an inviscid liquid
layers or half-spaces on both sides in the context of generalized (LS, GL, GN) theories of
thermoelasticity. More general dispersion equations of Lamb type waves are derived and
discussed in coupled and uncoupled theories of thermoelasticity. The secular equations for leaky
Lamb waves have been deduced. Numerical solution of the dispersion equations for zinc material
is also presented.

2. Formulation of the problem

We consider an infinite homogeneous, transversely isotropic, thermally conducting elastic plate
of thickness 2d initially at uniform temperature T0: We take origin of the co-ordinate system
ðx; y; zÞ on the middle surface of the plate. The x � y plane is chosen to coincide with the middle
surface and the z-axis normal to it along the thickness as shown in Fig. 1. The surface z ¼ 7d is
subjected to different boundary conditions.
We take x � z as the plane of incidence and assume that the solutions are explicitly independent

of y but implicit dependence is there so that component v of displacement is non-vanishing. The
basic governing equations for homogeneous transversely isotropic medium in generalized
thermoelasticity, in the absence of body forces and heat sources, are given by

c66v;xx þc44v;zz ¼ r.v; ð1Þ

c11u;xx þc44u;zz þðc13 þ c44Þw;xz �b1ðT þ t1d2k
’TÞ;x ¼ r .u; ð2Þ

ðc13 þ c44Þu;xz þc44w;xx þc33w;zz �b3ðT þ t1d2k
’TÞ;z ¼ r .w; ð3Þ
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K1T ;xx þK3T ;zz �rCeð ’T þ t0 .TÞ ¼ T0ðb1 ’u;x þb3 ’w;z þt0d1kðb1 .u;x þb3 .w;z ÞÞ; ð4Þ

where b1 ¼ ðc11 þ c12Þa1 þ c13a3; b3 ¼ 2c13a1 þ c33a3:
The dot notation is used for time differentiation and comma denotes spatial derivatives. r is the

density of the solid plate, Ce is the specific heat at constant strain of the solid plate, a1;K1 are the
coefficients of linear thermal expansion and thermal conductivity, in the direction orthogonal to
axis of symmetry, a3;K3 are the corresponding quantities along the axis of symmetry, cij’s are the
elastic parameters. Here ~uuðx; z; tÞ ¼ ðu; v;wÞ is the displacement vector, Tðx; z; tÞ is the temperature
change, T0 is the reference temperature, t0 and t1 are the thermal relaxation times. dik is
Kronecker’s delta with k ¼ 1 for LS theory and k ¼ 2 for Green–Lindsay (GL) theory. Eqs. (1)–(4)
in non-dimensional form can be written as

c4v;xx þc2v;zz ¼ .v; ð5Þ

u;xx þc2u;zz þc3w;xz �ðT þ t1d2k
’TÞ;x ¼ .u; ð6Þ

c3u;xz þc2w;xx þc1w;zz � %bðT þ t1d2k
’TÞ;z ¼ .w; ð7Þ

T ;xx þ %KT ;zz �ð ’T þ t0 .TÞ ¼ Að ’u;x þ %b ’w;z þt0d1kð .u;x þ %b .w;z ÞÞ; ð8Þ

where we have defined the following quantities:

u0 ¼
ro�v1u

b1T0
; v0 ¼

ro�v1v

b1T0
; w0 ¼

ro�v1w

b1T0
; x0 ¼

o�x

v1
; z0 ¼

o�z

v1
; t0 ¼ o�t;

t01 ¼ o�t1; t00 ¼ o�t0; v21 ¼
c11

r
; %b ¼

b3
b1
; %K ¼

K3

K1
; s0ij ¼

sij

b1T0
; T 0 ¼

T

T0
; c1 ¼

c33

c11
;

c2 ¼
c44

c11
; c3 ¼

c13 þ c44

c11
; c4 ¼

c66

c11
; c66 ¼

c11 � c23

2
; d 0 ¼

o�d

v1
; h0 ¼

o�h

v1
; x0 ¼

xv1

o�
;

c0 ¼
c

v1
; o0 ¼

o
o�

; o� ¼
Cec11

K1
; A ¼

b21T0
rCec11

: ð9Þ

Here o� is the characteristic frequency of the solid plate, A is the thermomechanical coupling
constant and v1 is the longitudinal wave velocity in the medium. The primes have been suppressed
for convenience.
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Fig. 1. Geometry of the problem.
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In the liquid boundary layers, we have

uj ¼ fj;x þcj;z ; wj ¼ fj;z �cj;x ; j ¼ 1; 2; ð10Þ

where fj and cj; j ¼ 1; 2 are respectively, the scalar velocity potential and vector velocity
component along the y direction for the top liquid layer ðj ¼ 1Þ and for the bottom
liquid layer (j ¼ 2), uj and wj are, respectively, x and z components of the particle velocity in
the layers of liquid. The potential functions fj satisfy the non-dimensional basic governing
equations

r2fj �
1

d2L
.fj ¼ 0; j ¼ 1; 2; ð11Þ

where

r2 ¼
@2

@x2
þ

@2

@z2
; d2L ¼

c2L
v21
; c2L ¼

lL

rL

:

Here cL is the velocity of sound in the liquid, rL is the density of the liquid and lL is the bulk
modulus.

3. Boundary conditions

The boundary conditions at the solid–liquid interfaces z ¼ 7d to be satisfied are:

(i) The magnitude of the normal component of the stress tensor of the plate should be equal to
the pressure of the liquid. This implies that

ðc3 � c2Þu;x þc1w;z � %bðT þ t1d2k
’TÞ ¼

rLo
2

r
fj; j ¼ 1; 2:

(ii) The tangential component of the stress tensor should be zero implying that u;z þw;x ¼ 0
(iii) The normal component of displacement of the solid should be equal to that of the liquid. This

leads to w ¼ fj;z ; j ¼ 1; 2:
(iv) The thermal boundary condition is given by T ;z þHT ¼ 0; where H is Biot’s heat transfer

coefficient.

4. Solution of the problem

We assume solutions of the form

fu; v;w;T ;f1;f2g ¼ f1;V ;W ;S;F1;F2gUeixðx sin yþmz�ctÞ; ð12Þ

where c ¼ o=x is the non-dimensional phase velocity, o is the frequency and x is the wave
number. Here y is the angle of inclination of wave normal with axis of symmetry z-axis; m is still
unknown parameter. Here V ;W ;S and F1;F2 are, respectively, the amplitude ratios of
displacements v;w temperature T and potentials f1;f2 to that of displacement u: Upon using
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solutions (12) in Eqs. (5)–(8), we obtain

ðc2m2 þ c4s
2 � c2ÞV ¼ 0; ð13aÞ

c2m
2 þ s2 � c2 þ c3msW þ sct1S ¼ 0; ð13bÞ

c3sm þ ðc1m2 þ c2s
2 � c2ÞW þ %bmct1S ¼ 0; ð13cÞ

iAxsc2t00 þ iAx %bc2mt00W � ðm2 %K þ s2 � c2t0ÞS ¼ 0; ð13dÞ

where t0 ¼ t0 þ io�1; t00 ¼ t0d1k þ io�1; t1 ¼ t1d2k þ io�1:
Eq. (13a) in the above system corresponds to purely transverse wave mode (SH) that decoupled

from rest of the motion and is not affected by the thermal variations. The characteristic roots
corresponding to Eq. (13a) are given by

m9;m10 ¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � c4s

2

c2

s
: ð14Þ

We ignore it in the following analysis, as this corresponds to SH wave modes.
From the rest of Eqs. (13), which corresponds to the coupled longitudinal, shear vertical (SV)

and thermal (T-mode) motion, one can obtain

ðm2 � m2
1Þðm

2 � m2
3Þðm

2 � m2
5Þ ¼ 0; ð15Þ

where m2
k; k ¼ 1; 3; 5 are the roots of the equation

m6 þ Am4 þ Bm2 þ C ¼ 0: ð16Þ

Here the coefficients A;B;C are given by

A ¼
Ps2 � Jc2

c1c2
þ

s2 � c2t0
%K

þ
iAoc2 %b2t00t1

c1 %K
;

B ¼
ðc2s2 � c2Þðs2 � c2Þ

c1c2
þ

ðs2 � c2t0ÞðPs2 � Jc2Þ
c1c2 %K

þ
iAoc2t00t1

c1c2 %K
½ð %b2 � 2c3 %bþ c1Þs2 � c2 %b2�;

C ¼
c2s

2 � c2

c1c2 %K
½ðs2 � c2t0Þðs2 � c2Þ þ iAs2oc2t00t1�; ð17Þ

where P ¼ c1 þ c22 � c23; J ¼ c1 þ c2; s ¼ sin y:
Eq. (16) being cubic in m2 admits six solutions for m; which also have the property m2 ¼

�m1; m4 ¼ �m3; m6 ¼ �m5: For each mq; q ¼ 1; 2; 3; 4; 5; 6 the amplitude ratios W and S can be
expressed as

Wq ¼

mqaq

s
; q ¼ 1; 2; 3; 4;

�
½c2m2

q þ s2 � c2 þ sct1Sq�

c3mqs
; q ¼ 5; 6;

8>><
>>: ð18Þ
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Sq ¼

�
½ðc2 þ c3aqÞm2

q þ s2 � c2�

sct1
; q ¼ 1; 2; 3; 4;

½c1c2m4
q þ ðPs2 � Jc2Þm2

q þ ðc2s2 � c2Þðs2 � c2Þ�aq

sc %bt1ðc2m2
q þ ð1� c3= %bÞs2 � c2Þ

; q ¼ 5; 6;

8>>><
>>>:

ð19Þ

where

aq ¼ %b
c2m

2
q þ ð1� c3= %bÞs2 � c2

ðc1 � c3 %bÞm2
q þ c2s2 � c2

; q ¼ 1; 2; 3; 4; 5; 6: ð20Þ

Combining Eqs. (18) and (19) with stress–strain–temperature relations we rewrite the formal
solution for the displacements, temperature, stresses and temperature gradient as

u;w;Tð Þ ¼
X6
q¼1

ð1;Wq;SqÞUq exp½ixðxs þ mqz � ctÞ�; �dozod; ð21Þ

ðszz;sxz;w;T ;z Þ ¼
X6
q¼1

ixðD1q;D2q;D3q;D4qÞUq exp½ixðxs þ mqz � ctÞ�: ð22Þ

Again using solutions (12) in Eq. (11), we obtain

ðF1;F2Þ ¼
X8
q¼7

ixðD1q;D3qÞUq exp½ixðxs þ mqz � ctÞ�; dozod þ h and � ðd þ hÞozo� d;

ð23Þ

where

m7;m8 ¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

d2L
� s2

s
ð24Þ

are the characteristic roots corresponding to Eq. (11).
Here

D1q ¼
ðc3 � c2Þs þ c1mqWq þ c %bt1Sq; q ¼ 1; 2;y; 6;

�o2rL=ixr; q ¼ 7; 8;

(

D2q ¼
c2ðmq þ sWqÞ; q ¼ 1; 2;y; 6;

0; q ¼ 7; 8;

(

D3q ¼
Wq=ix; q ¼ 1; 2;y; 6;

�mq; q ¼ 7; 8;

(

D4q ¼
ðmq þ H=ixÞSq; q ¼ 1; 2;y; 6

0; q ¼ 7; 8:

(
ð25Þ

The main difference between this case and the case of leaky Lamb waves is that the functions F1
and F2 here are chosen in such a way that the acoustical pressure is zero at z ¼ 7ðd þ hÞ; in other
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words F1 and F2 here are of standing wave solutions, for leaky Lamb waves they are of traveling
waves.

5. Derivation of the secular equations

By invoking stress free and thermal boundary conditions at plate surfaces z ¼ 7d; we obtain a
system of eight simultaneous linear equations in amplitudes Uq; q ¼ 1; 23; 4; 5; 6; 7; 8 as

X8
q¼1

D1qEqUq ¼ 0;
X8
q¼1

D2qEqUq ¼ 0;
X8
q¼1

D3qEqUq ¼ 0;
X8
q¼1

D4qEqUq ¼ 0: ð26Þ

where Eq ¼ e7ixmqd ; q ¼ 1; 2; 3;y; 8:
System of Eqs. (26) have a non-trivial solution if the determinant of the coefficient of Uq;

q ¼ 1; 2; 3y8 vanishes, which leads to a characteristic equation for the propagation of modified
guided thermoelastic waves in the plate. We refer such waves as plate waves rather than Lamb
waves whose properties were originally derived by Lamb in 1917 for isotropic elastic solids. The
characteristic equation for the thermoelastic plate waves in this case, after applying lengthy
algebraic reductions and manipulations of the determinant along with conditions g�a0 and
g�að2n � 1Þðp=2Þ; n ¼ 1; 2; 3y leads to the following secular equations:

T1

T5

	 
71
�

D13

D11

G3

G1

T3

T5

	 
71
�

D17T7

D37D11G1½T5�71
½D31G1 � D33G3 þ D35G5� ¼ �

D15

D11

G5

G1
: ð27Þ

Here the superscript +1 corresponds to skew symmetric and �1 refers to symmetric modes and

Tk ¼ tan gmk; k ¼ 1; 3; 5; T7 ¼ tan g�m7; g ¼ xd; g� ¼ xh;

G1 ¼ D23ðD0
45 þ iD

00
45T

71
5 Þ � D25ðD0

43 þ iD
00
43T

71
3 Þ;

G3 ¼ D21ðD0
45 þ iD

00
45T

71
5 Þ � D25ðD0

41 þ iD
00
41T

71
1 Þ;

G5 ¼ D21ðD0
43 þ iD

00
43T

71
3 Þ � D23ðD0

41 þ iD
00
41T

71
1 Þ;

where D0
4q ¼ mqSq; D00

4q ¼ HSq=ix:
If we let rL approach to zero, Eq. (27) reduces to the dispersion equation

T1

T5

	 
71
�

D13

D11

G3

G1

T3

T5

	 
71
¼ �

D15

D11

G5

G1
: ð28Þ

Here G1;G3;G5 are now given by

G1 ¼ D23D
0
45 � D25D

0
43; G3 ¼ D21D

0
45 � D25D

0
41; G5 ¼ D21D

0
43 � D23D

0
41 ð29aÞ

for a stress-free thermally insulated ðH-0Þplate and

G1 ¼ D23D
00
45T

71
5 � D25D

00
43T

71
3 ;

G3 ¼ D21D
00
45T

71
5 � D25D

00
41T

71
1 ;

G5 ¼ D21D
00
43T

71
3 � D23D

00
41T

71
1 ð29bÞ

for stress-free isothermal ðH-NÞplate.
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Eq. (28) is the same as obtained and discussed by Sharma et al. [22] in case of homogeneous
transversely isotropic thermoelastic plate.
The secular equation (27) is the transcendental equation, which contains complete information

about the phase velocity, wave number and attenuation coefficient of the plate waves. In general,
wave number and hence the phase velocity of the waves is complex quantity, therefore the waves
are attenuated in space. If we write

c�1 ¼ V�1
P þ io�1Q; ð30Þ

where VP and Q are real, the exponent eixðx�ctÞ in the plane wave solution (12) becomes

io
VP

fx sin y� VPtg � Qx sin y:

This shows that VP is the propagation speed and Q the attenuation coefficient of the waves. Upon
using Eq. (30) in Eq. (27) the values of VP and Q for different modes can be obtained.
For isotropic materials, we have

c1 ¼ 1; c2 ¼ d2; c3 ¼ 1� d2; %b ¼ 1; %K ¼ 1; a2 ¼ c2 � 1 and mq ¼ aq:

Therefore, Eqs. (18) and (19) reduce to

Wq ¼
aq; q ¼ 1; 2; 3; 4;

�a�1q ; q ¼ 5; 6;

(

Sq ¼
�ða2q � a2Þ=ct1; q ¼ 1; 2; 3; 4;

0; q ¼ 5; 6:

(
ð31Þ

The secular Eq. (27) becomes

T1

T5

	 
71
�
ða21 � a2Þ
ða23 � a2Þ

ðxa1 þ HT71
1 Þ

ðxa3 þ HT71
3 Þ

T3

T5

	 
71
þ
o2rLa1
rx2a7d

2

ða25 þ 1Þ

ða25 � 1Þ
2

T7

½T5�71
1�

a3ða21 � a2Þðxa1 þ HT71
1 Þ

a1ða23 � a2Þðxa3 þ HT71
3 Þ

" #

¼ �
4a1a5

ða25 � 1Þ
2
1�

a3ða21 � a2Þðxa1 þ HT71
1 Þ

a1ða23 � a2Þðxa3 þ HT71
3 Þ

" #
: ð32Þ

In the absence of liquid rL-0; Eq. (32) reduces to

T1

T5

	 
71
�
ða21 � a2Þ
ða23 � a2Þ

ðxa1 þ HT71
1 Þ

ðxa3 þ HT71
3 Þ

T3

T5

	 
71
¼ �

4a1a5
ða25 � 1Þ

2
1�

a3ða21 � a2Þðxa1 þ HT71
1 Þ

a1ða23 � a2Þðxa3 þ HT71
3 Þ

" #
: ð33Þ

For stress-free thermally insulated plate H-0; Eq. (33) leads to

T1

T5

	 
71
�
a1
a3

ða21 � a2Þ
ða23 � a2Þ

T3

T5

	 
71
¼ �

4a1a5

a25 � 1
 �2 ða23 � a21Þ

ða23 � a2Þ
; ð34aÞ

and for stress-free thermally insulated plate H-N; Eq. (33) leads to

T1

T5

	 
71
�
a3
a1

ða21 � a2Þ
ða23 � a2Þ

T3

T5

	 
71
¼ �

ða25 � 1Þ
2

4a1a5

ða23 � a21Þ
ða23 � a2Þ

: ð34bÞ
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Eq. (34) is the same as obtained and discussed by Sharma et al. [19] in case of homogeneous
isotropic thermoelastic plate with stress-free thermally insulated plate.
The secular equation in case of coupled thermoelasticity (CT) can be obtained by setting

t0 ¼ 0 ¼ t1 in the above analysis.

6. Discussion of the secular equation

6.1. Regions of the secular equation

Here depending on whether m1;m3;m5 being purely imaginary or complex, the frequency
Eq. (27) is correspondingly altered as follows.

6.1.1. Region I

When the roots of characteristic Eq. (16) are of type m2
k ¼ �m02

k ; k ¼ 1; 3; 5; mk ¼ im0
k is purely

imaginary or complex number. This ensures that the superposition of partial waves has the
property of ‘‘exponential decay’’. In this case the secular equation is written from Eq. (27) by
replacing circular tangent functions of mk; k ¼ 1; 3; 5 with hyperbolic tangent functions of
m0

k; k ¼ 1; 3; 5:

tan h gm0
1

tan h gm0
5

	 
71
�

D13

D11

G0
3

G0
1

tan h gm0
3

tan h gm0
5

	 
71
7

iD17T7

D37D11G
0
1½tan h gm0

5�
71

 ½D31G
0
1 � D33G

0
3 þ D35G

0
5� ¼ �

D15

D11

G0
5

G0
1

; ð35Þ

where

G0
1 ¼ D23ðD0

45 � D00
45½tan h gm0

5�
71Þ � D25ðD0

43 � D00
43½tan h gm0

3�
71Þ;

G0
3 ¼ D21ðD0

45 � D00
45½tan h gm0

5�
71Þ � D25ðD0

41 � D00
41½tan h gm0

1�
71Þ;

G0
5 ¼ D21ðD0

43 � D00
43½tan h gm0

3�
71Þ � D23ðD0

41 � D00
41½tan h gm0

1�
71Þ:

Here D1q;D2q;D3qD4q;Wq;Sq; q ¼ 1; 2;y; 8 can be obtained on replacing mk by im
0
k; k ¼ 1; 3; 5 in

the corresponding expressions.

6.1.2. Region II

In case two of the roots of Eq. (16) are of the type m2
k ¼ �m02

k ; k ¼ 1; 3; then the frequency
equation can be obtained from Eq. (27) by replacing circular tangent functions of mk; k ¼ 1; 3
with hyperbolic tangent functions of m0

k; k ¼ 1; 3:

tan h gm0
1

tan gm5

	 
71
�

D13

D11

G0
3

G0
1

tan h gm0
3

tan gm5

	 
71
7

iD17T7

D37D11G
0
1½tan gm5�71

 ½D31G
0
1 � D33G

0
3 þ D35G

0
5� ¼ 7

iD15

D11

G0
5

G0
1

; ð36Þ
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where

G0
1 ¼ D23ðD0

45 þ iD
00
45½tan gm5�71Þ � D25ðD0

43 � D00
43½tan h gm0

3�
71Þ;

G0
3 ¼ D21ðD0

45 þ iD00
45½tan gm5�71Þ � D25ðD0

41 � D00
41½tan h gm0

1�
71Þ;

G0
5 ¼ D21ðD0

43 � D00
43½tan h gm0

3�
71Þ � D23ðD0

41 � D00
41½tan h gm0

1�
71Þ:

Here D1q;D2q;D3qD4q;Wq;Sq; q ¼ 1; 2;y; 8 are obtained by replacing mk with im
0
k; k ¼ 1; 3:

6.1.3. Region III

In the general case the roots m2
k; k ¼ 1; 3; 5 are complex numbers, and then the frequency

equation is given by Eq. (27).

6.2. Waves of short wavelength

Some information on the asymptotic behavior is obtainable by letting x-N: If we take
x > o=

ffiffiffiffi
c2

p
; it follows that co

ffiffiffiffi
c2

p
and the roots of characteristic equation lies in region I in this

case. Then we replace m1;m3 and m5 in the secular equation by im
0
1; im

0
3 and im

0
5: Here for

x-N;
tan hðgm0

1Þ
tan hðgm0

5Þ
-1;

tan hðgm0
3Þ

tan hðgm0
5Þ
-1 and

tanðg�m7Þ
tanhðgm0

5Þ
-� i

so that secular Eq. (27) reduces to

D11G
00
1 � D13G

00
3 þ D15G

00
5 ¼ 8

D17

D37
½D31G

00
1 � D33G

00
3 þ D35G

00
5 �; ð37Þ

where

G00
1 ¼ D23ðD0

45 � D00
45Þ � D25ðD0

43 � D00
43Þ;

G00
3 ¼ D21ðD0

45 � D00
45Þ � D25ðD0

41 � D00
41Þ;

G00
5 ¼ D21ðD0

43 � D00
43Þ � D23ðD0

41 � D00
41Þ;

which is the dispersion equation for thermoelastic Rayleigh waves of an infinite half-space solid
bordered with an infinite half-space homogeneous liquid. The dispersion equation for
thermoelastic Rayleigh waves of an infinite half-space solid bordered with a homogeneous liquid
layer of thickness h is given as

D11G
00
1 � D13G

00
3 þ D15G

00
5 ¼ 8

iD17

D37
½D31G

00
1 � D33G

00
3 þ D35G

00
5 �tan g

�m7: ð38Þ

If rL approaches to zero, Eqs. (37) and (38) reduce to

D11G
00
1 � D13G

00
3 þ D15G

00
5 ¼ 0; ð39Þ

which is the same as obtained and discussed by Sharma et al. [22] in case of homogeneous
transversely isotropic thermoelastic plate with stress-free thermally insulated plate.
Eq. (39) is merely Rayleigh surface wave equation. The Rayleigh results enter here since for

such small wavelengths, the finite thickness plate appears as semi-infinite medium. Hence
vibration energy is transmitted along the surface of the plate. It seems that Eq. (38) can be
obtained by multiplying the right side of Eq. (37) by a factor of i tan g�m7: This also seems to be
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true for the case of Lamb waves. The dispersion equations for leaky Lamb waves, i.e., Lamb
waves in a transversely isotropic plate bordered with an infinite half-space homogeneous liquid
ðh-NÞ at both sides are as follows.

T1

T5

	 
71
�

D13

D11

G3

G1

T3

T5

	 
71
þ

iD17

D37D11G1½T5�71
½D31G1 � D33G3 þ D35G5� ¼ �

D15

D11

G5

G1
: ð40Þ

If we multiply a factor of i tan g�m7 to the terms containing rL in Eq. (40), the dispersion equation
(27) of Lamb waves in a transversely isotropic thermoelastic plate bordered with a homogeneous
layer of thickness h on both sides can be obtained. Since Lamb waves are special cases of Rayleigh
waves (d approaches infinity), this type of analogy seems reasonable.

6.3. Thin plate results

The thin plate limits are specified by xd51 when the transverse wavelength of the plate is quite
large as compared to the thickness of the plate. So for x > o=

ffiffiffiffi
c2

p
; we have mk ¼ im0

k; k ¼ 1; 3; 5:
In this case the secular equation is written from Eq. (27) just by replacing circular tangent
functions with hyperbolic tangent functions. On retaining first two terms in the expansion of
hyperbolic tangents, the frequency equation (27) reduces to

g3 � Lg2 þ Mgþ N ¼ 0; ð41Þ

where

L ¼
P2

Q2P�
; M ¼

P1

Q2P�
�

Q1

Q2
1þ

m2
7x
2h2

3

� �
; N ¼

P0

Q2P�
�

Q0

Q2
1þ

m2
7x
2h2

3

� �
; P� ¼ �

ihm7D17

dD37
;

P0 ¼ D11m
0
1ðD23D

0
45 � D25D

0
43Þ � D13m

0
3ðD21D

0
45 � D25D

0
41Þ þ D15m

0
5ðD21D

0
43 � D23D

0
41Þ;

P1 ¼D11m
0
1ðD25D

00
43m

0
3 � D23D

00
45m

0
5Þ � D13m

0
3ðD25D

00
41m

0
1 � D21D

00
45m

0
5Þ

þ D15m
0
5ðD23D

00
41m

0
1 � D21D

00
43m

0
3Þ;

Q2 ¼ 1
3
½D31ðD25D

00
43m

03
3 � D23D

00
45m

03
5 Þ � D33ðD25D

00
41m

03
1 � D21D

00
45m

03
5 Þ

þ D35ðD23D
00
41m

03
1 � D21D

00
43m

03
3 Þ�;

where P2 and Q0 can be obtained from P0 by replacing m0
k with m03

k =3 and D1km0
k with D3k;

respectively, and Q1 can be obtained from P1 by replacing D1km0
k with D3k; k ¼ 1; 3; 5:

For isotropic case, frequency Eq. (41) for H-0; on discarding the terms of higher order than
ðc=dÞ4 reduces to

c ¼ 2xdd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� d2Þ
3

s
1�

rLh

rd

� ��1=2

; ð42Þ

which in the absence of liquid, rL-0 becomes

c ¼ 2xdd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� d2Þ
3

s
: ð43Þ
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This result, with linear dependence of c on x agrees with that derived from classical plate theory in
elastokinetics and of course pertains to the flexure vibration and represents only a single
vibrational mode in limited frequency range in the over all frequency spectrum. No effect of
thermomechanical coupling has been observed on thin plates in this case. But the presence of
liquid on both sides of the plate affects the phase velocity of flexural vibrational mode as a
periodic function of liquid layers width.
In region II the antisymmetric case has no roots and the secular equation in symmetric case

becomes

D11G
000
1 m0

3 � D13G
000
3 m0

1 � ix
2m0

1m
0
3m7dh

D17

D37
½D31G

000
1 � D33G

000
3 þ D35G

000
5 � ¼ �

im0
1m

0
3D15G

000
5

m5
; ð44Þ

where

G000
1 ¼ D23ðD0

45 þ iD
00
45=gm5Þ � D25ðD0

43 � D00
43=gm0

3Þ;

G000
3 ¼ D21ðD0

45 þ iD
00
45=gm5Þ � D25ðD0

41 � D00
41=gm0

1Þ;

G000
5 ¼ D21ðD0

43 � D00
43=gm

0
3Þ � D23ðD0

41 � D00
41=gm0

1Þ:

Eq. (44) for isotropic case reduces to

a02 � a21 � a23 þ
4x2a21a

2
3

ðx2 � m2
5Þ
2
¼ �

rLo
2ðx2 þ m2

5Þa
2
1a
2
3d tan g

�m7

grd2ðx2 � m2
5Þ
2

; ð45Þ

which for CT theory implies that

c ¼ 2d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2=ð1þAÞ

q
Eð17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F=E2

q
Þ=2

	 
1=2
; ð46aÞ

where E ¼ 1þ 1=4d2io�1ð1þA� d2Þ and F ¼ ð1� d2Þð1þAÞ=d2io�1ð1þA� d2Þ2:
For LS theory, we have

c ¼ 2d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2=ð1þ io�1A=t0Þ

q
E1ð17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F1=E2

1

q
Þ=2

	 
1=2
; ð46bÞ

where

E1 ¼ 1þ 1=4d2t0ð1þ ðio�1A=t0Þ � d2Þ

and

F1 ¼ ð1� d2Þð1þAio�1=t0Þ=d
2t0ð1þ ðAio�1=t0Þ � d2Þ2:

In case of GL theory, we have

c ¼ 2d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2io�1=t0ð1þ t1A=t0Þ

q
E2ð17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F2=E2

2

q
Þ=2

� �1=2
; ð46cÞ

where

E2 ¼ 1þ 1=4d2ðt0 1þ t1A=t0
 �

� d2io�1Þ

and

F2 ¼ ð1� d2Þt0ð1þAt1=t0Þ=d
2ðt0 1þAt1=t0

 �
� d2io�1Þ2:
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Thus, the phase velocity is approximately given by c ¼ 2d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2=ð1þAÞ

q
; which is the thin plate

or plane stress analogue of the bar velocity of longitudinal rod theory in coupled thermoelasticity.
In general, here the wave mode depends upon the thermoelastic coupling parameter and thermal
relaxation times whose phase velocities are given by Eq. (46) in case of generalized
thermoelasticity. The phase velocity in this case also depends upon the thickness of the plate in
addition to its periodic dependence on the thickness of the liquid layers. Thus in case of thin plates
xd51; fundamental symmetric (S0) mode becomes dispersionless, the phase velocity is equal to

the group velocity and equal to 2d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2=ð1þAÞ

q
approximately, thermal relaxation time being

small. The fundamental skew symmetric (A0) mode meanwhile, becomes the flexural or bending
wave of the plate with its phase velocity approximately equal to 2xdd½ð1� d2Þ=3�1=2 and its group
velocity equals to 4xdd½ð1� d2Þ=3�1=2: For a thin plate, A0 mode is essentially a transverse mode,
i.e., the z-component of the displacement dominates. On the contrary, for S0 mode of a thin plate
the x-component of the displacement dominates. For ideal liquid (no viscosity) energy of Lamb
waves can only be coupled into the liquid through the z-component of displacement at the plate
surface. This explains why A0 mode of a thin plate is the choice for biosensing applications. The
above thin plate analysis reduces to that of Wu and Zhu [30] in elastokinetics, i.e., in case of
uncoupled thermoelasticity (UCT) when we set A ¼ 0; t0 ¼ 0 ¼ t1:

7. Uncoupled thermoelasticity

In case of UCT, the thermomechanical-coupling constant vanishes, i.e., A ¼ 0; Eq. (16) reduces
to

m4 þ %Bm2 þ %C ¼ 0 and m2 ¼ �
ðs2 � c2t0Þ

%K
; ð47Þ

where

%B ¼
Ps2 � Jc2

c1c2
; %C ¼

ðc2s2 � c2Þðs2 � c2Þ
c1c2

:

Consequently the secular equation (27) in this case reduces to

T1

T5

	 
71
þ

D0
17

D0
37D

0
25

T7

½T5�71
½D0

21D
0
35 � D0

25D
0
31� ¼

D0
15D

0
21

D0
11D

0
25

; ð48Þ

where

D0
1q ¼

ðc3 � c2Þs þ c1mqWq; q ¼ 1; 5;

�o2rL=ixr; q ¼ 7;

(

D0
2q ¼

c2ðmq þ sWqÞ; q ¼ 1; 5;

0; q ¼ 7;

(

D0
3q ¼

Wq=ix; q ¼ 1; 5;

�mq; q ¼ 7;

(
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W1 ¼ �
c3m1s

c1m
2
1 þ c2s2 � c2

; W5 ¼ �
c2m

2
5 þ s2 � c2

c3m5s
; S1 ¼ 0 ¼ S5;

m2
1 þ m2

5 ¼ �
Ps2 � Jc2

c1c2
; m2

1m
2
5 ¼

ðc2s2 � c2Þðs2 � c2Þ
c1c2

: ð49Þ

In case of UCT, Eq. (32) for isotropic plate also reduces to

T1

T5

	 
71
þ

o2rLa1ða
2
5 þ 1ÞT7

rx2a7d
2ða25 � 1Þ

2½T5�71
¼ �

4a1a5
ða25 � 1Þ

2
: ð50Þ

In the absence of liquid rL-0 Eq. (50) becomes

T1

T5
¼ �

4a1a5
ða25 � 1Þ

2

" #81

; ð51Þ

where a21 ¼ c2 � 1; a25 ¼ c2=d2 � 1: The transcendental equation (51) is the Rayleigh–Lamb
equation and was discussed by Graff [35] and Achenbach [36] in case of homogeneous isotropic
elastic plates with stress-free boundaries.

8. Displacement and temperature amplitudes

Using Eq. (21), the amplitude wasy; z-component of displacement; the amplitude usy;
x-component of displacement and the amplitude Tsy of temperature change may be calculated as

wasy ¼ ixðc01s3s5V1W1 þ s1c
0
3s5V3W3 þ s1s3c

0
5V5W5ÞB1eixðxs�ctÞ=s3s5V1; ð52Þ

usy ¼ ixðc01c3c5R1 þ c1c
0
3c5R3 þ c1c3c

0
5R5ÞA1e

ixðxs�ctÞ=c3c5R1; ð53Þ

Tsy ¼ ixðc01c3c5S1R1 þ c1c
0
3c5S3R3 þ c1c3c

0
5S5R5ÞA1e

ixðxs�ctÞ=c3c5R1; ð54Þ

where R1 ¼ D23T3D15 � D25T5D13 � D17T3T5T7ðD23D35 � D25D33Þ=D37:

R3 ¼ D25T5D11 � D21T1D15 � D17T1T5T7ðD25D31 � D21D35Þ=D37;

R5 ¼ D21T1D13 � D23T3D11 � D17T1T3T7ðD21D33 � D23D31Þ=D37;

V1 ¼ D25T
�1
5 D13 � D23T

�1
3 D15 þ D17T

�1
3 T�1

5 T7ðD25D33 � D23D35Þ=D37;

V3 ¼ D21T
�1
1 D15 � D25T

�1
5 D11 þ D17T

�1
1 T�1

5 T7ðD21D35 � D25D31Þ=D37;

V5 ¼ D23T
�1
3 D11 � D21T

�1
1 D13 þ D17T

�1
1 T�1

3 T7ðD23D31 � D12D33Þ=D37:
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Here ck ¼ cos gmk; sk ¼ sin gmk; c0k ¼ cos g0mk; s0k ¼ sin g0mk; k ¼ 1; 3; 5; c7 ¼ cos g�m7; s7 ¼
sin g�m7 and g ¼ xd; g0 ¼ xz; g� ¼ xh: The expressions for �wsy; uasy and Tasy can be obtained
from Eqs. (52) to (54), respectively, by interchanging sk and ck; s0k and c0k; Rk and Vk; k ¼ 1; 3; 5
and by changing A1 with B1 and vice versa.

9. Thermoelasticity without energy dissipation

The basic governing equations of motion and a heat conduction equation in the absence of
body forces and heat sources for a plate in the context of thermoelasticity without energy
dissipation, are given by [18,37]

c11u;xx þc44u;zz þðc13 þ c44Þw;xz �b�1 T ;x ¼ r .u; ð55Þ

ðc13 þ c44Þu;xz þc44w;xx þc33w;zz �b�3 T ;z ¼ r .w; ð56Þ

K�
1 T ;xx þK�

3 T ;zz �rCe
.T ¼ T0ðb

�
1 .u;x þb�3 .w;z Þ; ð57Þ

which in non-dimensional form can be written as

u;xx þc2u;zz þc3w;xz �T ;x ¼ .u; ð58Þ

c3u;xz þc2w;xx þc1w;zz � %b�T ;z ¼ .w; ð59Þ

T ;xx þ %K�T ;zz �o�
0
.T ¼ A�o�

0
ð .u;x þ %b� .w;z Þ; ð60Þ

where

u0 ¼
ro�

0
v1u

b�1 T0
; w0 ¼

ro�
0
v1w

b�1 T0
; %b� ¼

b�3
b�1

; %K� ¼
K�
3

K�
1

; s0ij ¼
sij

b�1 T0
; A� ¼

b�1 T0

rCec11
;

o�
0
¼

c2P
c2T

; c2P ¼
c11

rv2p
¼

v21
v2p
; c2T ¼

K�
1

rCev2p
; c2S ¼

c44

rv2p
¼

v22
v2p
; v21 ¼

c11

r
; v22 ¼

c44

r
: ð61Þ

The rest of quantities are given by expressions similar to Eq. (9) except o� is replaced by o�
0

where symbols and notation are same as defined earlier, vp is the standard speed and b
�
1 ;b

�
3 are the

coefficients of volume expansion. Here K�
1 ;K

�
3 are not the coefficients of thermal conductivity but

material constant characteristics of the theory.

ðc2m2 þ s2 � c2 þ c3msW Þx2 þ ixsS ¼ 0; ð62Þ

ðc3sm þ ðc1m2 þ c2s
2 � c2ÞW Þx2 þ ix %b�mS ¼ 0; ð63Þ

iA�xsc2o�
0
þ iA�x %b�c2mo�

0
W þ ðm2 %K� þ s2 � c2o�

0
ÞS ¼ 0: ð64Þ
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Eqs. (62)–(64) are the same as Eq. (13). Hence, its solution is given by Eq. (12). Eqs. (15) and (16)
are also obtained similarly, but here the coefficients A;B;C are given by

A ¼
Ps2 � Jc2

c1c2
þ

s2 � c2o�
0

%K� þ
A�o�

0
c2 %b�2

c1 %K� ;

B ¼
ðc2s2 � c2Þðs2 � c2Þ

c1c2
þ
ðs2 � c2o�

0
ÞðPs2 � Jc2Þ

c1c2 %K� þ
A�o�

0
c2

c1c2 %K� ½ð %b�2 � 2c3 %b� þ c1Þs2 � c2 %b�2�;

C ¼
c2s

2 � c2

c1c2 %K� ½ðs2 � c2o�
0
Þðs2 � c2Þ þA�o�

0
s2c2�: ð65Þ

For uncoupled theory ðA� ¼ 0Þ; Eq. (16) again reduces to Eq. (47).
The amplitude ratios W and S can be expressed as

Wq ¼

mqaq

s
; q ¼ 1; 2; 3; 4;

�
c2m

2
q þ s2 � c2 þ ix�1sSq

c3mqs
; q ¼ 5; 6;

8>><
>>: ð66Þ

Sq ¼

ix½ðc2 � c3aqÞm2
q þ s2 � c2�

s
; q ¼ 1; 2; 3; 4;

ix½c1c2m4
q þ ðPs2 � Jc2Þm2

q þ ðc2s2 � c2Þðs2 � c2Þ�aq

s %b�ðc2m2
q þ ð1� c3= %b�Þs2 � c2Þ

; q ¼ 5; 6;

8>>><
>>>:

ð67Þ

where

aq ¼ %b�
c2m

2
q þ ð1� c3= %b�Þs2 � c2

ðc1 � c3 %b�Þm2
q þ c2s2 � c2

; q ¼ 1; 2; 3; 4; 5; 6

and

D1q ¼ ðc3 � c2Þs þ c1mqWq � %b�Sq; q ¼ 1; 2;y; 6:

The rest of the analysis can be made in the similar manner as was done in the case of the other
theories of thermoelasticity in the previous section.

10. Numerical results and discussion

With the view of illustrating theoretical results obtained in the preceding sections, we now
present some numerical results. The materials chosen for this purpose is single crystal of zinc, the
physical data for which is given below:

r ¼ 7:14 103 kg m�3; c11 ¼ 1:628 1011 Nm�2; c12 ¼ 0:362 1011 Nm�2;
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c13 ¼ 0:508 1011 Nm�2; c33 ¼ 0:627 1011 Nm�2; c44 ¼ 0:385 1011 Nm�2; T0 ¼ 296 K;

b1 ¼ 5:75 106 Nm�2 deg�1; b3 ¼ 5:07 106 Nm�2 deg�1; Ce ¼ 3:9 102 J kg m�1 deg;

K1 ¼ 1:24 102 Wm�1 deg�1; K3 ¼ 1:24 102 Wm�1 deg�1; o� ¼ 5:01 1011 s�1; A ¼ 0:0221:

The liquid taken for the purpose of numerical calculations is water, the velocity of sound in which
is given by cL ¼ 1:5 103 m=s: For the purpose of numerical calculations, we take d ¼ 1; h ¼ 1
and the angle of inclination of the wave with axis of symmetry have been considered p=4 for
numerical calculations.
In the case of GN theory K�

1 ;K
�
3 are not the coefficients of thermal conductivity but material

constant characteristics of the theory and their values have been selected at random. Thus, the
numerical results are applicable for zinc crystal like material in this theory. We assume
hypothetical values of material parameters [37] cP ¼ 1:0; cT ¼ 0:5 so that v2p ¼ ðc11=rÞ; K�

1 ¼
ðCec11=4Þ and K�

3 ¼ ðCec33=4Þ: For this choice of parameters, the longitudinal thermoelastic wave
happens to be faster than the thermal wave. In this theory the thermal wave speed cT depends
upon K�

1 ;K
�
3 instead of thermal relaxation times as in the LS and GL theories of thermoelasticity.

Here the thermoelastic-coupling constant has been selected as A� ¼ A ¼ 0:0221; and values of
thermal relaxation times have been estimated from Eq. (2.5) of [12] and taken as t0 ¼ 0:75
10�13 and t1 ¼ 0:5 10�13 s here.
The complex roots of characteristic equation (16) have been computed with the help of reduced

Cardano’s method, which are then used in various relevant relations. The secular equation (27) is
solved for the phase velocity by using iteration method. The sequence of iteration is made to
converge after sampling it over about 100 sample values in order to achieve the desired level of
accuracy (four decimal places here). The phase velocity profile of first few symmetric and skew
symmetric modes has been computed and corresponding dispersion curves for Rayleigh–Lamb
type modes are represented graphically in Fig. 2 for wave normal inclination y ¼ 45� with the axis
of symmetry.
From Fig. 2(a) it is observed that the non-dimensional phase velocity of lowest (acoustic) skew

symmetric mode (A0) is observed to increase from zero value at vanishing wave number to
become closer to Rayleigh wave velocity at higher wave numbers in direction of wave
propagation. The velocity of the acoustic symmetric mode (S0) become dispersionless, i.e.,
remains constant with variation in wave number and gets significantly reduced and affected
in the presence of liquid that remains closer to the velocity of thermoelastic Rayleigh waves
in a solid half-space bordered with a liquid layers on both sides with increasing wave number in
the considered direction of wave propagation. The phase velocity of higher (optical) modes of
wave propagation, symmetric and skew symmetric; attain quite large values at vanishing wave
number, which sharply slashes down to become steady and asymptotic to the reduced
Rayleigh wave velocity with increasing wave number. It is observed that in the context of
various theories of thermoelasticity (CT, LS and GL), the various modes of propagation have
higher velocity in coupled thermoelasticity (CT) followed by generalized thermoelasticity LS
and GL. The velocity of higher modes is observed to develop at a rate, which is approximately
n-time, the magnitude of the velocity of first mode (n ¼ 1). It is noticed that due to the damp-
ing effect of the liquid on both sides of the plate, the phase velocity of fundamental mode
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decreases in case of symmetric (S0) modes from a value more than unity in the direction of
propagation and increases in case of skew symmetric (A0) modes from zero at vanishing wave
numbers to attain certain value in considered direction of propagation which is reduced
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Rayleigh wave velocity. It is also observed that the phase velocity of the Lamb type plate waves
falls significantly at vanishing wave number in the presence of liquid layers. The dispersion
curves become more smoothen in this case because of the shock absorption nature of the
liquid. The acoustic skew symmetric (A0) mode is observed to be most affected and sensitive.
These numerically computed results are found to be quite in agreement with the corresponding
results and their trends are also similar to those of Sharma and Pathania [32,33] and Sharma et al.
[19,22,34]. At higher wave numbers the phase velocities of various optical modes become
asymptotically closer to the shear wave speed in contrast to that of acoustical modes which tends
to the Rayleigh wave speed. Because a finite thickness plate appears to be half-space in such
situations and the vibration energy is mainly transmitted through the surface (interface) of the
plate. The free surfaces admit a Rayleigh-type surface wave with complex wave number and hence
phase velocity. Consequently, the surface wave propagates with attenuation due to the radiation
of energy into the medium. This radiated energy will be reflected back to the center of the plate by
the lower and upper surfaces. Thus the attenuated surface wave on the free surface is enhanced by
this reflected energy to form a propagation wave. In fact, the multiple reflections between the
upper and lower surfaces of the plate form caustics at one of the free surface and a strong stress
concentration arises due to which wave field becomes unbounded in the limit d-N: The
unbounded displacement field is characterized by the singularities of circular tangent functions. It
is also observed that as the thickness of the plate increases, the phase velocity decreases. This can
be explained by the fact that as the thickness of the plate increases, the coupling effect of various
interacting fields also increases resulting in lower phase velocity. It can also be observed that the
Rayleigh wave velocity is reached at lower wave number as the thickness increases, because the
transportation of energy mainly takes place in the neighborhood of the free surfaces of the plate in
this case. The dimensional phase velocity profile with wave number in case of coupled theory of
thermoelasticity (CT) is also presented in Fig. 2(b) for demonstration and clarification purpose.
The phase velocities of symmetric and skew symmetric modes of wave propagation in the context
of GN and UCT theories of thermoelasticity have been computed for various values of wave
number from the corresponding dispersion relation for stress-free thermoelastic plate bordered
with layers of inviscid liquid on both sides. The dispersion curves for Rayleigh–Lamb type modes
are presented in Figs. 3(a) and (b) for symmetric and skew symmetric modes, respectively. From
the figures it is observed the phase velocity of lowest (acoustic) and first mode of GN theory have
same trend of variation as in case of CT, LS and GL theories. But for second and higher modes of
wave propagation in the specified direction, the phase velocity reverses its trend in contrast to
other counterpart theories of thermoelasticity. The effect of non-dissipation thermal energy is
quite visible from the graphs. From the comparison of these two figures, it is observed that
symmetric case has slightly higher magnitudes than the skew symmetric case but the trend is same
in both the cases. The variation of attenuation coefficient with wave number for symmetric and
skew symmetric acoustic modes is represented in Fig. 4. The attenuation coefficient for acoustic
and first mode has almost negligible variation with wave number in the considered direction of
wave propagation in various theories of thermoelasticity. For higher mode of wave propagation,
the magnitude of attenuation coefficient increases monotonically to attain a maximum value for
CT, LS and GL theories and then slashes down sharply to zero with the increase in wave number
except for third mode. For third mode of wave propagation the magnitude of attenuation
coefficient for GL theory shoots up to 7.55217 in region 1pxdp4 at xd ¼ 3 and then slashes

ARTICLE IN PRESS

J.N. Sharma, V. Pathania / Journal of Sound and Vibration 278 (2004) 383–411402



down sharply to zero with the increase in wave number. Also for this mode at vanishing wave
number the magnitude of attenuation coefficient is quite higher for CT, LS and GL theories as
compared to the other modes.
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Fig. 5(a) contains plots of non-dimensional amplitude of the z-component of displacement (w)
in the direction of wave propagation for three different values of liquid layer thickness in case of
generalized thermoelastic plate of acoustic skew symmetric (A0) mode. Three curves namely
broken line, solid and dotted correspond to coupled thermoelasticity (CT), LS and GL theories of
thermoelasticity for liquid layer thickness h ¼ 0:25; 0.5 and 0.75. The displacement amplitude in
this case is observed to be maximum at center of plate and minimum at the surfaces. Fig. 5(b)
shows that the amplitude of the non-dimensional x-component of the skew symmetric
displacement u in generalized thermoelastic plate. In this case displacement amplitude is observed
to be quite large at plate surfaces and zero at center of the plate. As for as symmetric acoustic
(S0) mode is concerned, the amplitude of the x-component of displacement (u) looks like
amplitude of z-component of displacement (w) for A0 mode as shown by Fig. 5(a). The amplitude
of z-component of displacement (w) looks like the x-component (u) of A0 mode as shown in Fig.
5(b). The comparison of Figs. 5(a) and (b) reveals that skew symmetric x-component of
displacement (u) is dominant as compared to the symmetric one in this case. Figs. 6(a) and (b)
contains the plots of the magnitude of non-dimensional symmetric and skew symmetric
temperature change (T) in a generalized thermoelastic plate in the considered direction of wave
propagation. Three curves namely broken line, solid and dotted correspond to CT, LS and GL
theories of thermoelasticity for liquid layer thickness h ¼ 0:25; 0.5 and 0.75. These curves
correspond to first branch (acoustic) of symmetric (S0) and skew symmetric (A0) mode. It has
been noticed that for symmetric temperature mode curves change their behavior from convex
upward to convex downward as compared to displacement. It is observed that the variation of the
symmetric and skew symmetric temperature change (T), respectively, looks like the amplitude of
symmetric and skew symmetric x-component of strain.
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It is noticed that the thermal relaxations time has negligibly small effect on the displace-
ment and temperature change as compared to the dispersion curves. The magnitude of
non-dimensional skew symmetric temperature change has same value as the liquid layer
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thickness decreases. It is also noticed that the displacements u and w has significantly
higher magnitude in both symmetric and skew symmetric modes of wave propagation as
compared to temperature change in the present situation. It is observed from the generated
numerical data that the non-dimensional displacements and temperature change have slightly
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higher magnitudes in coupled thermoelasticity (CT) followed by LS and GL theories of
thermoelasticity.
Figs. 7 and 8 represents the amplitudes of displacement and temperature change for symmetric

and skew symmetric modes in the presence of liquid layers thickness h ¼ 0:25; 0.5 and 0.75 in case
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GN and UCT theories of thermoelasticity. The comparison of curves for UCT and GN theory of
thermoelasticity in various figures reveals that the magnitude of different considered functions is
quiet low in case of latter as compared to that of former one due to thermal variations. From
these figures it is observed that the displacement and temperature amplitude have same trend of
variation as in case of CT, LS and GL theories.

11. Conclusions

The propagation of waves in a homogeneous, transversely isotropic, thermally conducting plate
bordered with layers of inviscid liquid or half-space of inviscid liquid on both sides, is investigated
in the context of generalized theories of thermoelasticity. The results for isotropic materials,
coupled and uncoupled theories of thermoelasticity have been obtained as particular cases. It is
shown that the purely transverse motion (SH mode), which is not affected by thermal variations,
gets decoupled from rest of the motion of wave propagation and occurs along an in-plane axis of
symmetry. The special cases, such as short wavelength waves and thin plate waves, of the secular
equations are also discussed. The attenuation coefficients and amplitudes of displacement
components and temperature change have also been computed and studied. For the waves of
short wavelength it is observed that the dispersion equation of Lamb waves in an transversely
isotropic thermoelastic plate bordered with a homogeneous layer of thickness h on both sides can
be obtained by multiplying a factor of i tan g�m7 to terms containing rL in the dispersion equation
for leaky Lamb waves, i.e., Lamb waves in an transversely isotropic plate bordered with an
infinite half-space homogeneous liquid ðh-NÞ at both sides. The periodic tangent function of
liquid thickness reflects the periodic nature of the influence due to the presence of the liquid layers
of varying thickness, which is also confirmed by our numerical calculations. This analysis includes
thermal effects and hence is more general as compared to that of Wu and Zhu [30]. In case of
isotropic materials the present analysis reduces to that of Sharma and Pathania [33]. Various
regions of the secular equation are also explored. In region I, the secular equation for the skew
symmetric case pertains to flexural vibrations and represents only a single vibration mode in a
limited frequency range in the overall frequency spectrum. This is independent of thermal effects
too. For the secular equation in the symmetric case in region II, the phase velocity expression
reduces to the thin plate or plate stress analogue of the bar velocity of longitudinal rod theory,
which also depends upon the thermal variations and relaxation time and, in the case of uncoupled
theory, reduces to the result obtained by Graff [35].
It is observed that the phase velocity of the acoustic symmetric mode (S0) become dispersionless

and gets significantly reduced and affected in the presence of liquid. For increasing wave number
this remains closer to the velocity of thermoelastic leaky Lamb waves in a solid half-space
bordered with a liquid layers on both sides because in this case the energy transmission takes place
mainly along the surface (interface) of the plate. The acoustic skew symmetric mode (A0) has zero
velocity at vanishing wave number, which increases to become closer to the velocity of
thermoelastic leaky Lamb wave with increasing wave number but also gets modified due to the
presence of liquid. The phase velocities of optical modes of propagation attain large values at
vanishing wave number, which slashes down to become steady and asymptotic to the reduced
Rayleigh wave velocity with increasing wave number. It is noticed that as the inclination of the
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wave normal with the axis of symmetry progresses, the behavior of attenuation coefficient
becomes dispersionless which is also the case with increasing thickness of plate. The hypothetical
results in case of GN theory here observed to resemble closely to that of CT, LS and GL theories
of thermoelasticity for initial two modes namely acoustic and first modes of wave propagation.
The heat is noticed to propagate with a finite, though quite large, speed in the instant case except
the fact that the magnitude of phase velocity and amplitudes of different considered functions get
suppressed in the presence of liquid.

Acknowledgements

The authors are thankful to UGC New Delhi, for providing financial help through an R&D
project sanctioned vides No. F.8-34/2001 (SR-I).

References

[1] P. Chadwick, I. Sneddon, Plane waves in an elastic solid conducting heat, Journal of the Mechanics and Physics of

Solids 6 (1958) 223–242.

[2] W. Nowacki, Thermoelasticity, Pergamon Press, Oxford, 1962.

[3] W. Nowacki, Dynamic Problems of Thermoelasticity, Noordhoff International Publishing, Leyden, 1975.

[4] V. Kozlov, Thermoelastic vibrations of rectangular plates, Prikladnaya Mechanika 8 (1972) 123–127.

[5] C. Massalas, A. Dalamangas, G. Tzivanidis, Anote on the dynamics of thermoelastic thin plates, Journal of Sound

and Vibration 81 (1982) 303–306.

[6] A.B. Kumar, Thermoelastic waves from a suddenly punched hole in stretched plate, Indian Journal of Pure and

Applied Mathematics 20 (1989) 181–188.

[7] H.S. Saxena, R.S. Dhaliwal, Eigen-value approach to coupled thermoelasticity, Journal of Thermal Stresses 13

(1990) 161–175.

[8] P. Chadwick, L.T.C. Seet, Wave propagation in transversely isotropic heat conducting elastic material,

Mathematica 17 (1970) 225–244.

[9] P. Chadwick, Basic properties of plane harmonic waves in a prestressed heat conducting elastic material, Journal of

Thermal Stresses 2 (1979) 193–214.

[10] H.W. Lord, Y. Shulman, The generalized dynamical theory of thermoelasticity, Journal of the Mechanics and

Physics of Solids 15 (1967) 299–309.

[11] A.E. Green, K.A. Lindsay, Thermoelasticity, Journal of Elasticity 2 (1972) 1–7.

[12] D.S. Chandrasekharaiah, Thermoelasticity with second sound—a review, Applied Mechanics Review 39 (1986)

355–376.

[13] C.C. Ackerman, B. Bentman, H.A. Fairbank, R.A. Krumhansal, Second sound in Helium, Physical Review Letters

16 (1966) 789–791.

[14] R.A. Guyer, J.A. Krumhansal, Thermal conductivity, second sound and phonon hydrodynamic phenomenon in

nonmetallic crystals, Physical Review 148 (1966) 778–781.

[15] C.C. Ackerman, W.C. Overtone Jr., Second sound in Helium-3, Physial Review Letters 22 (1969) 764–766.

[16] A.E. Green, P.M. Nagdhi, A re-examination of the basic postulate of thermo mechanics, Proceedings of the Royal

Society of London 432 (1991) 171–194.

[17] A.E. Green, P.M. Nagdhi, An undamped heat wave in elastic solid, Journal of Thermal Stresses 15 (1992) 253–264.

[18] A.E. Green, P.M. Nagdhi, Thermoelasticity without energy dissipation, Journal of Elasticity 31 (1993) 189–208.

[19] J.N. Sharma, D. Singh, R. Kumar, Generalized thermoelastic waves in homogeneous isotropic plates, Journal of

the Acoustical Society of America 108 (2000) 848–851.

ARTICLE IN PRESS

J.N. Sharma, V. Pathania / Journal of Sound and Vibration 278 (2004) 383–411410



[20] J.N. Sharma, On the propagation of thermoelastic waves in homogeneous isotropic plates, Indian Journal of Pure

and Applied Mathematics 3 (2001) 1329–1341.

[21] J.N. Sharma, D. Singh, Circular crested thermoelastic waves in homogeneous isotropic plates, Journal of Thermal

Stresses 25 (2002) 1179–1193.

[22] J.N. Sharma, D. Singh, R. Kumar, Generalized thermoelastic waves in transversely isotropic plates, Indian Journal

of Pure and Applied Mathematics 34 (2003) 841–852.

[23] B.A. Martin, S.W. Wenzel, R.M. White, Viscosity and density sensing with ultrasonic plate waves, Sensors and

Actuators 1 (1989) 1–6.

[24] E.W. Wenzel, R.M. White, A multi sensor employing an ultrasonic Lamb wave oscillator, IEEE Transactions on

Electron Devices 35 (1988) 735–743.

[25] S.W. Wenzel, R.M. White, Analytic comparison of the sensitivities of bulk-wave, surface-wave and flexural

plate-wave ultrasonic gravimetric sensors, Applied Physics Letters 54 (1989) 1976–1978.

[26] V.A. Schoch, Der schalldurchgang durch platten (Sound transmission in plates), Acoustica 2 (1952) 1–17.

[27] J.G. Scholte, On true and pseudo Rayleigh waves, Proceedings of the Koninklijke Nederlandse Akademie van

Wetenschappen, Series 52 (1949) 652–653.

[28] G. Kurtze, R.H. Bolt, On the interaction between plate bending wave and radiation load, Acoustica 9 (1959)

238–242.

[29] R.D. Watkins, W.H.B. Cooper, A.B. Gillespie, R.B. Pike, The attenuation of Lamb waves in the presence of a

liquid, Ultrasonics 20 (1982) 257–264.

[30] J. Wu, Z. Zhu, The propagation of Lamb waves in a plate bordered with layers of a liquid, Journal of the

Acoustical Society of America 91 (1992) 861–867.

[31] Z. Zhu, J. Wu, The propagation of Lamb waves in a plate bordered with a viscous liquid, Journal of the Acoustical

Society of America 98 (1995) 1057–1067.

[32] J.N. Sharma, V. Pathania, Thermoelastic Lamb waves in a plate bordered with layers of inviscid liquid, Journal of

Thermal Stresses 26 (2003) 149–166.

[33] J.N. Sharma, V. Pathania, Generalized thermoelastic Lamb waves in a plate bordered with layers of inviscid liquid,

Journal of Sound and Vibration 268 (2003) 897–916.

[34] J.N. Sharma, V. Pathania, S.K. Gupta, Thermoelastic Lamb waves in a transversely isotropic plate bordered with

layers of inviscid liquid, International Journal of Engineering Science 41 (2003) 1219–1237.

[35] K.F. Graff, Wave Motion in Elastic Solids, Dover, New York, 1991.

[36] J.D. Achenbach, Wave Propagation in Elastic Solids, North-Holland, Amsterdam, 1973.

[37] D.S. Chandrasekharaiah, One-dimensional wave propagating in the linear theory of thermoelasticity without

energy dissipation, Journal of Thermal Stresses 19 (1996) 267–272.

ARTICLE IN PRESS

J.N. Sharma, V. Pathania / Journal of Sound and Vibration 278 (2004) 383–411 411


	Generalized thermoelastic waves in anisotropic plates sandwiched between liquid layers
	Introduction
	Formulation of the problem
	Boundary conditions
	Solution of the problem
	Derivation of the secular equations
	Discussion of the secular equation
	Regions of the secular equation
	Region I
	Region II
	Region III

	Waves of short wavelength
	Thin plate results

	Uncoupled thermoelasticity
	Displacement and temperature amplitudes
	Thermoelasticity without energy dissipation
	Numerical results and discussion
	Conclusions
	Acknowledgements
	References


